We study motion around a static Einstein and pure Lovelock black hole in higher dimensions. It is known that in higher dimensions, bound orbits exist only for pure Lovelock black hole in all even dimensions, D = 2N + 2, where N is degree of Lovelock polynomial action. In particular, we compute periastron shift and light bending and the latter is given by one of transverse spatial components of Riemann curvature tensor. We also consider pseudo-Newtonian potentials and Kruskal coordinates.
I. INTRODUCTION
Recently Dadhich et al. [1] showed that pure Lovelock (the equation of motion has only one term corresponding to a fixed N ) gravity exhibits bound orbits and marginally stable circular orbits around a static black hole in all even D = 2N + 2 ≥ 4 dimensions, where N is degree of Lovelock polynomial action. This is in contrast to Einstein gravity where bound orbits exist only in 4 dimensions. Lovelock is the most natural generalization of Einstein gravity and its most remarkable unique property is that inspite of action being polynomial in Riemann curvature, it yields second order equation. It includes Einstein gravity in the linear order N = 1, Gauss-Bonnet (GB) gravity in the quadratic order N = 2 and so on.
It would therefore be of interest to study particle and photon orbits around a static Einstein and pure Lovelock (henceforth Lovelock will stand for pure Lovelock) black hole. That is what would be our concern in this paper. For existence of bound orbits what is required is balance between gravitational and centrifugal potentials. The former becomes stronger with dimension for Einstein gravity as it falls off as 1/r D−3 , while the latter always falls off as 1/r 2 . Thus for existence of bound orbit what is required is 2 > D − 3 and hence no bound orbit exists for D > 4. On the other hand, Lovelock potential falls off as 1/r 1/N for even dimensions D = 2N + 2, and since 1/N < 2 for N ≥ 1, bound orbits will always exist in all even dimensions. Lovelock gravity also exhibits another remarkable property that it is like Einstein in 3 dimension, kinematic [2] relative to N th order Riemann and Ricci curvatures [3, 4] . In all odd D = 2N + 1 dimensions gravity is kinematic and there exist analogues of BTZ black holes [5] in all odd dimensions. Lovelock gravity is dynamic in even D = 2N + 2 dimensions and that is why bound orbits exist in all even dimensions.
A static spherically symmetric D-dimensional metric is defined as
The effective potential for a test particle moving in such a spherically symmetric space-time is given by
For a static black hole in higher dimensional Einstein gravity [6] we have
while for Lovelock gravity [7] f (r) = 1
where D = n + 3 and D = 2N + 2, respectively. Here M is an integration constant, which is proportional to the mass (µ) of the black hole and is given by
where G is the Newton's gravitation constant. In particular for D = 4, Ω 2 = 4π and M = 2Gµ. Clearly it is the function f (r) that governs motion around the black hole.
In this paper, we wish to explore motion around a static black hole in Lovelock gravity, and compare and contrast it with higher dimensional Einstein gravity. Earlier, geodesic equations in higher dimensional Schwarzschild, Schwarzschild-(anti) de Sitter, Reissner-Nordström and Reissner-Nordström-(anti) de Sitter spacetimes were explored in detail [8] . The paper is organized as follows. In the next section we obtain threshold radii for existence, boundedness and stability for circular orbit which is followed by consideration of periastron shift and light bending. In particular light bending turns out to be proportional to one of spatial components of Riemann curvature tensor. Next we obtain the pseudo-Newtonian potential and alternatively obtain the circular orbits threshold radii for boundedness and stability and energy of the marginally stable circular orbit. We also consider Kruskal extension of these black hole metrics and show that only Lovelock metrics accord to the usual form involving exponentials, while for Einstein in higher dimensions there is an additional algebraic factor. We end with a discussion.
II. CIRCULAR ORBITS
It is shown in Ref. [1] that for Einstein gravity bound orbits exist in no other dimension than 4 while for Lovelock gravity they exist in all even dimensions, D = 2N + 2. We recall the discussion of existence, boundedness and stability of circular orbits in Einstein and Lovelock gravities. The conditions for existence of circular orbits areṙ =r = 0, bound orbit condition is E 2 = 1 and stability is given by the minimum of effective potential, where r and E are the radius of the orbit and specific energy of the test particle, respectively. Photon circular orbit defines the existence threshold.
A. Einstein gravity
For the Einstein solution (3), we have
From these we obtain the existence, stability and boundedness thresholds as
and
respectively. It is clear that bound orbits can exist only for n = 1 i.e. D = 4. The energy at the marginally stable circular orbit is given by
We get back the Schwarzschild values for n = 1. Figure 1 shows that the radius of photon orbit gradually decreases with the increase of n, because event horizon size also gradually shrinks with increasing n. 
B. Lovelock gravity
The corresponding relations for Lovelock solution (4) are given by
Clearly bound orbits and thereby circular orbits can exist for any N ≥ 1 in all even dimensions, D = 2N + 2. This is a unique property of (pure) Lovelock gravity. The energy at the marginally stable circular orbit is given by
For N = 1, it is Einstein gravity and we get back all Schwarzschild values. Figure 2 shows that with the increase of N , the strength of the potential increases at a given r, making r ph merge with r b . Increasing strength of gravitational potential decreases r s and r b . This is similar to what is observed in Kerr spacetime as compared to Schwarzschild spacetime. Figure 3 confirms that with increasing N , the particle is more bound at r s . 
III. LIGHT BENDING AND SPACE CURVATURE
It is clear that light cannot feel ∇Φ like ordinary massive particles, hence it can only respond to gravity through spacetime curvature. In here we wish to demonstrate that it is infact proportional to transverse component of Riemann curvature. We follow the standard calculations and use the same notations as used in Ref. [9] for the Schwarzschild case.
A. Einstein gravity
In spherical symmetry, irrespective of additional angular dimensions, there are two constants of motion. We define them as specific energy E = 1 − 2M r n ṫ and specific angular momentum l = r 2φ (which are the same as those for D = 4 with θ = π/2). It then readily follows
For photon m = 0 and hence
Let r = R, represent the point where photon is closest to the source. Writing l/E = b and at r = R, dr/dt = 0, we have
We substitute u = R/r, such that u lies between 0 and 1, and obtain
We further put u = cosα, where α lies between 0 and π/2, and use the approximation for small M/R to obtain
where
Therefore, deflection is given by
We find that the value of C 1 increases with n, as given in Table 1 .
B. Lovelock gravity
For Lovelock gravity, the metric is given by (1) and (4). Repeating the same calculation, we obtain
where,
which gives
The value of C 2 decreases as N increases and it asymptotically converges to π/2, as given in Table 1 .
C. Relation to space curvature
Note that light deflection is proportional to gravitational potential, M/r n and M/r 1/N respectively for Einstein and Lovelock black hole. As mentioned before photon can only respond to space curvature, particularly its transverse component, R θ φθφ , which is the relevant one for deflection and is in fact given by potential and does not involve its derivative. We can thus say that it is space curvature that bends light and its deflection is proportional to transverse space Riemann component. 
IV. BOUND ORBITS
As shown in the Introduction, for Einstein gravity bound orbits exist only in 4 dimensions and none else, while for Lovelock they exist in all even dimensions, D = 2N + 2. We shall consider the two cases of bound orbits corresponding to Lovelock N = 1, 2, that would include usual Schwarzschild case for N = 1 and D = 4 and GB case for N = 2 and D = 6. We would contrast it with Einstein in 6 dimensions for n = 3.
The orbit equation in the usual notation for Einstein in 4 and 6 dimensions is given by
respectively, while for GB it is
Equation (28) can be solved analytically with some approximations and we obtain a bound orbit which is elliptical in shape with precessing periastron, and it is as given in any textbook, for example, [10] . However in the other two cases, it is quite difficult to solve the differential equations analytically and we instead solve them numerically. For Schwarzschild case, we solve u " + u = 1 + 0.03u 2 by using M = 0.01 and l = 0.1. We use the boundary conditions, u(0) = 0.1 and u ′ (0) = 0. By solving this numerically we obtain elliptical orbits with periastron shifts as expected, shown in Fig. 4 .
For Einstein 6D case, u " + u = 3u 2 + 0.05u 4 , using M = 0.01 and l = 0.1. For boundary conditions u(0) = 0.1 and u ′ (0) = 0, we see that there does not exist any bound orbit as shown in Fig. 5 . This is consistent with the fact that bound orbits cannot exist in Einstein gravity unless D = 4 [1] .
For Lovelock 6D case, u " + u = 3.535u −1/2 + 0.17675u 3/2 , using M = 0.01 and l = 0.1. For boundary conditions u(0) = 0.1 and u ′ (0) = 0, we do have bound orbits with precession as exhibited in Fig. 6 . However the orbit is not exactly elliptical and hence shift cannot 
V. PSEUDO-NEWTONIAN POTENTIAL
The concept of pseudo-Newtonian potential is useful in understanding fluid flow around black holes. Ref. [11] introduces a methodology to evaluate pseudo-Newtonian potential for any metric in general. In the present context, we would like to use it for an alternative computation of circular orbit threshold radii and interestingly it turns out that we obtain the same values as obtained earlier, using general relativity. Note that centrifugal force would go as 1/r 3 , while the gradient of pseudo potential would give gravitational force.
Pseudo-Newtonian potential [11] for Einstein and Lovelock cases are given by
respectively. Then corresponding forces would respectively be given as
The Newtonian energy, which is free of rest mass, is defined asẼ
The bound orbit threshold radius would be given byẼ = 0, while stability threshold would be given by dl/dr = 0, and we obtain
for the Einstein case, while for Lovelock case,
These are indeed the same as obtained earlier in Sec II. The energy of marginally stable circular orbit using pseudo-Newtonian potential is given by
From Figs. 7 and 8, we see that the energy of the marginally stable circular orbit as predicted by the pseudo-Newtonian potential is very close to that of general relativity for the Schwarzschild case i.e. n = N = 1, but is not so for the higher dimensions. The difference between energies of the last stable circular orbit increases with spacetime dimension for both Einstein and pure Lovelock gravities. First we recapitulate the transformation for Schwarzschild metric.
We look at null geodesics with dθ = dφ = 0 and use (3) for n = 1 to obtain
Integrating (41), we obtain t = ±r * + constant, where r * is the tortoise coordinate given by
The metric then becomes
We further define Eddington-Finkelstein coordinates as u = t + r * andṽ = t − r * . In terms ofũ andṽ, the metric takes the form
Still r = 2M corresponds to eitherũ = −∞ orṽ = ∞, so we further transform coordinates to pull these points to finite coordinate values as
We
The coordinates (v, u, θ, φ) are the Kruskal coordinates in which metric is regular everywhere except at centre r = 0, which is the curvature singularity. For constant r, u 2 − v 2 = constant, which is a hyperbola in u − v plane.
B. Einstein gravity (n = 2, 3; D = n + 3)
Using (3) for n = 2, we write
which gives t = ±r * + constant, where
and the metric reads
Further to Eddington-Finkelstein coordinates,
We then transform the coordinates to pull pointsũ andṽ corresponding to r = (2M ) 1/2 to finite coordinate values as
and finally we obtain
For n = 3, we obtain
As before, t = ±r * + constant, where
The forms of the metric in terms of tortoise and Eddington-Finkelstein coordinates are the same as (49) and (50) except for 2M/r 2 replaced by 2M/r 3 . We transform the coordinates to pullũ andṽ corresponding to r = (2M ) 1/3 to finite coordinate values as
We then define u = 
The coordinate system (v, u, θ, φ) form the Kruskal coordinate system where v is the time-like coordinate.
We have already considered N = 1 case for Schwarzschild solution in D = 4. We would now consider the cases N = 2, 3 and show that proper Kruskal coordinates exist in which metric is free of coordinate singularity. Using (4) for N = 2, we obtain
which gives t = ±r * + constant , where
We follow the same steps as before and first to tortoise coordinates
and then to Eddington-Finkelstein coordinates
Similarly, writing as before
and defining u =
, we obtain the metric in Kruskal coordinates
Using (4) for N = 3 gives
The forms of the metric in terms of tortoise and Eddington-Finkelstein coordinates are the same as (59) and (60) except (2M/r) 1/2 is replaced by (2M/r) 1/3 . We transform the coordinates to pull the pointsũ andṽ corresponding to r = 2M to finite coordinate values as
The metric in terms of u and v (using the same definition as earlier) is given by
As expected, the potential retains its r −k dependence in all the cases. Lovelock case is distinguished from Einstein in that the metric in Kruskal extension always involves exponentials as against additional algebraic factor for Einstein in higher dimensions.
VII. DISCUSSION
It is argued in Refs [2, 4] that Lovelock gravity has similar behaviour in odd (2N + 1) and even (2N + 2) dimensions; i.e. similar to Einstein gravity for N = 1 in 3 and 4 dimensions. Here we have employed particle orbits around static black hole and its Kruskal extension to establish this feature. For instance, existence of bound orbits is a universal common feature for Lovelock gravity in all even dimensions. It is also interesting to see that light bending is proportional to transverse spatial Riemann component, R θ φθφ . This is to indicate that light does not experience acceleration ∇Φ, but simply follows the curvature of space. Light bending is in reality space bending which is measured by means of light. For Lovelock black hole, there is always a proper Kruskal extension in all even D = 2N + 2 dimensions in which the metric is free of coordinate singularity similar to 4-dimensional Schwarzschild solution. In contrast, Einstein metrics in higher dimensions have additional algebraic factor.
Our main aim has been to probe the universal common behaviour of Lovelock gravity by the study of motion around a static black hole, and it has been fully borne out. However one may ask the question, how does the higher dimensional gravitational dynamics affect our observational 4-dimensional Universe. For instance, in the Kaluza-Klein 5-dimensional theory, an additional dimension incorporates electromagnetic field. That is, to get higher dimensional effects onto the usual spacetime, some additional prescription has to be imposed like the Kaluza-Klein compactification of extra dimension. For the case of pure Lovelock, the immediate next higher order is quadratic GB, which is topological in D = 4. It could however be made non-trivial by coupling it with a scalar field -dilaton. There have been extensive studies of dilaton field [12, 13] , however they all refer to Einstein-GB. In line with the viewpoint advocated in this paper and elsewhere [1, 2, 4] , it should be pure GB coupled to a scalar field without the Einstein-Hilbert R for probing higher dimensional effects. Very recently, a very interesting and novel inflationary model has been found [14] with a scalar field coupled to pure GB Lagrangian. Another very popular method is brane world gravity [15] in which curvature of higher dimensional bulk spacetime is employed to make extra dimension small enough. May what all that be, this has not been our concern in this paper.
